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ON THE HEAT TRANSFER BETWEEN TWO ROTATING 

DISKS 

RAMKSH CHANDRA ARORA* and VIJAY KUMAR STOKKSt 

Department of Mechanical Engineering, Indian Institute of Technology, Kanpur, India 

Abstract-Exact numerical solutions of the Navier-Stokes equations have been obtained for the steady 
state axisymmetric flow of an incompressible Newtonian tluid between two parallel infinite rotating 
disks. for speed ratios of the two disks varying between - 1 and + I in steps of 0.25 and for the Reynolds 
number varying between 0 and 125. Some representative non-dimensional radial, tangential and axial 
velocities have been presented graphically. 

These velocity profiles have then been used for integrating the energy equation for two sets of boundary 
conditions: Both the disks kept at constant temperatures and, one disk insulated and the other kept at 
a constant temperature. The solutions have been obtained for values of the Prandtl number va~ing 
between 0.7 and 7.5. The dissipation terms have not been neglected but the properties of the fluid have been 
assumed to be constant. 

Thus. exact numerical solutions have been obtained for the two-disk heat-transfer problem. 

NO~NCLA~R~ 

CP, 
specific heat of fluid ; 

D, angular velocity ratio of the disks, 

G/Q, ; 
E, Eckert number, [f2:EZ/cP(T, - Tz)] : 

F,, F,, heat transfer to the lower and 
upper disks repectively ; 

G, H’, H, non-dimensional tangential, radial 

2, 

and axial velocity components re- 
spectively ; 
thermal conductivity of fluid; 
gap width between the rotating 
disks ; 
torques on the lower (z = 0) and 
upper (z = f) disks respectively ; 
components of the non-dimensional 
temperature. Subscripts 1 and 3 are 
used to indicate their values for 
problems 1 and 2 respectively ; 

*Present address: Division of Fluid, Thermal and Aero- 
space Sciences, Case Western Reserve University, Cleveland, 
Ohio. 

TPresent address: Foster-Miller Associates, Inc., 135 
Second Avenue, Waltham. Massachusetts 02154. 

90 #nli + h; 
component of non-dimensional 
pressure ; 
pressure ; 
Reynolds number, f1,12/v : 
radial coordinate of cylindrical 
polar coordinates; 
temperature of fluid. Subscripts 1 
and 2 are used to indicate its value 
at the lower and upper disks 
respectively ; 
radial, tangential and axial com- 
ponents of the velocity respectively ; 
axial coordinate of cylindrical polar 
coordinates; 
non-dimensional axial coordinate, 
r/r ; 
tangential coordinate of cylindrical 
polar coordinates ; 
non-dimensional temperature, (c,/ 
Q:P) (T- T,) and m(C) + C’n([); 
(c,/Q:l”) (T - T,); l/E; 
pressure coefficient ; 
viscosity of fluid; 

2119 



RAMESH CHANDRA ARORA and VIJAY KUMAR STOKES 

kinematic viscosity of fluid ; technique is that it has not been possible to 
non-dimensional radial coordinate obtain solutions beyond a Reynolds number 
rll; around 135. 
density of fluid; The velocity distributions have been deter- 
Prandtl number, pc,/k ; mined numerically for the speed ratios of the 
shear stress component : two disks varying from - 1 to + 1 at Reynolds 
dissipation function ; numbers up to 125. Some of these velocity 
non-dimensional heat transfer at profiles have been presented graphically in this 
the lower disk ; paper. 
non-dimensional heat transfer at These velocity profiles have then been used 
the upper disk ; to determine the temperature distribution for 
angular velocities of the lower two sets of boundary conditions for values 
(z = 0) and upper (z = I) disks of the Prandtl number ranging from 0.7 to 7.5. 
respectively. Some representative profiles have been presented 

graphically. The predicted skin friction and heat 
1. INTRODUCTION transfer at the disks have also been shown 

THIS paper is concerned with the steady state 
heat transfer between two rotating infinite 
disks containing an incompressible Newtonian 
fluid. It is assumed that the fluid properties such 
as the viscosity and the thermal conductivity are 
constant; so that the equations of motion are 
not coupled to the energy equation. The dissipa- 
tion terms in the energy equations have not been 
neglected and as such exact numerical solutions 
to the Navier-Stokes and Energy equations 
have been obtained. 

graphically. Extensive numerical results and 
graphical profiles for the velocity distribution 
and for the heat transfer are available in 
Arora [4]. 

2. EQUATIONS OF MOTION 

Only axisymmetric steady state solutions are 
considered. Because of this the continuity 
equation and the equations of motion in 
cylindrical polar coordinates (r, 19, z) reduce to 

Two boundary value problems have been 
discussed: The disks at constant temperatures 
and, one disk insulated and the other kept at 
a constant temperature. 

au au 3 1 aD 

(1) 

u-+ w----_ __’ 

ar aZ r P ar 
Different aspects of the fluid mechanics of 

the problem have been discussed by Chapple 
and Stokes [ 11, Lance and Rogers [2], and 
Mellor, Chapple and Stokes [3]. Lance and 
Rogers [2] considered the general case in which 
both the disks rotate. However,their integration 
technique is such that the Reynolds number 
cannot be pre-assigned, so that for different 
speed ratios of the two disks the solutions come 
out at different Reynolds numbers. This makes it 
difficult to compare the velocity profiles for 
two different speed ratios at the same Reynolds 
number. The technique used in this paper is a 
generalization of the method used by Chapple 
and Stokes Cl]. The major limitation of this 

+v[s+;($+ $1 (2) 

::&(rv) + wg = v [g+gg+g] (3) 

aw aw 1 ap ug+ W&= -paz 

+ v ah 
[ 

law ab 
&F+;ar+aZ 

1 
(4) 

Assuming the no-slip condition, the boundary 
conditions for the problem are given by 

u(r, 0) = 0, 

u(r, 1) = 0, 

u(r,O) = rQ,, 

v(r, I) = r62,, 
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where it has been assumed that the two infinite 
disks are located at z = 0 (lower disk) and 
z = I (upper disk) and are both rotating about 
the z axis at angular velocities of 52, and s2, 
respectively. 

It is well known that these equations can be 
reduced to a set of coupled non-linear ordinary 
differential equations by the Von K&man 
type similarity transformation 

u = r&H’(C) 

ti = rSZ,G([) 

w = -252,IH(C) 

p/p = G!yp(r) + f /my (6) 

where 5 = zJ1 and 1 is the gap width between the 
two disks. The velocity distributions given by 
equations (6) satisfy the continuity equation 
(1) identically. H’, G and H are essentially the 
non-dimensional velocities in the r, 8 and z 
directions respectively. Using this transforma- 
tion, the three equations of motion (2) (3) and 
(4) reduce to 

H”‘/R = - 2HH” + HI2 - G2 + ,4 (7) 

G”JR = 2H’G - 2HG’ (8) 

so that 

r;,([ = 0) = F G'(0) 

and 

?&( = 1) = y G’( 1). 

Neglecting end effects, the shear torque M 
on a disk of radius r is given by 

M = - % ~,02m2dr. 

Therefore, the frictional torques M, and M,, 
on the lower and upper disks respectively, are 
given by 

and 

M, = - T r4G’(1). 

(11) 

p’ = - 2(H”/R + 2HH’) (9) Thus -G’(O) and -G’(l) give the non- 

where R = n,l’/y is the Reynolds number based 
dimensional torque on the lower and upper 

on the angular velocity of the disk located at 
disks respectively 

z = 0 (lower disk). The boundary conditions 
given by equation (5) reduce to 4. ENERGY EQUATION 

H(0) = H’(0) = H(1) = H’(1) = 0, 
For this case of incompressible. steady 

axisymmetric flow, the energy equation for the 

G(0) = 1, G(1) = .R,/L$ = D. (10) temperature distribution T(r, z) is given by 

These six boundary conditions are sufficient 
for solving equations (7) and (8), in which A is 
an unknown that has to be determined by the 
boundary conditions. Once G and H have been 
determined, equation (9) can be integrated to 
give the pressure distribution. where 

3. FRICTIONAL TORQUES ON THE DISKS 

The component zz8 of the shear stress, giving 
rise to frictional torques on the disks, is given 

by 
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The partial differential equation (12) can be The boundary condition m,(O) = 9, = l/E is 
reduced to ordinary differential equations by rather inconvenient as it requires that the 
the similarity transformation equation for m be solved for each value of 9,. 

9(5, i) = &C) + &r(C) (L4) 
Since equation (16) is linear, this difficulty may 
be overcome by splitting the solution m, into 

where two parts m,, and wt12 such that 

(15) 

is the non-dimensional temperature. Substituting 
in equation (12) for T from equations (14) and 
(15) and for u, u and w from equations (6) it 
follows that m and n satisfy the ordinary linear 
differential equations 

ni’ + 2aRHm’ = - 12oH” - 4n (16) 

n” + 2oR(Hn’ - H’n) = - c(G’~ + H”2). (17) 

ml(i) = %wlK) + m12(l) (21) 

where mll(r) is a solution of the homogeneous 
part of equation (16) namely 

m;‘l + 2oRHm; I = 0, 

subject to the boundary conditions m,,(O) = 1, 
m,,(l) = 0 and m12([) is a solution of equation 
(16) subject to the boundary conditions m,,(O) = 
m,,(l) = 0. 

For the special case when both the disks are 
at the same temperature T,, 9, is zero and the 
solution is given by rnr(Q = m12(0 and nI(C). 

Subscripts 1 and 3 Will be Used on 9, m and n to 
indicate their values for problems 1 and 2 

problem 2: ~~~~~ disk cz = 0) insulated and 

respectively. 
the upper disk (z = I’) kept at a constant 
temperature T,. 

Problem 1: Upper (z = f) and lower (z = 0) 
disks kept at temperatures T, and TI 
respectively. 

For this problem $(t, [) is written as 

For this problem $(& [) is written as 

Q&, 0 = & (T - T,), (22) 
1 

%(5,0 = & (T - T,). 

so that the boundary conditions T’(r, 0) = 0, 

(18) T(r, 0 = T,, or Sj(<, C) = 0, Qs(& 1) = 0 give 
1 

so that the boundary conditions T(r, 0) = TI 
mj(0) = 0, m,(l) = 0, 

(23) 
and T(r, I) = T2 give &IO) = 0, n,(l) = 0. 

W, 0) = 83 = Q32 2 ( TI - T,) = ; (19) 
A slightly different version of this formulation 

was used by Millsaps and Pohlhausen [5] for 

and &(<, 1) = 0 
their study of the single disk heat transfer 
problem. 

where E = Of12/c,(TI - T2) is the Eckert 
number. 

The boundary conditions on m and n are then 
5. HEAT TRANSFER AT THE DISRS 

m,(O) = So = i = & (TI - T,), m,(l) = 0. 
Let F1 and F, be the heat transferred from 

1 the fluid to the lower and upper disks res- 
pectively for a disk radius of r. Then, neglecting 

nl(0) = nl(l) = 0. (20) end effects, 
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and 

F 
1 rdr 

0 

(24) 

F =-2j&‘E 2 
s I az ==, 

rdr. 

0 

With 9(<, LJ = m(c) + t2n([), the expressions 
for heat transfer given by equations (24) reduce 
to 

nkO:P 
F, = - t2 

CP 
m’(0) + ; n’(0) 

and 
1 

(25) 

F,= -- 
nkQ:13 tz 

m’(l) + ‘;: n’(1) 
CP 1 

By defining non-dimensional heat fluxes ‘p 
and $ for the lower and upper disks respectively. 

by 

f’, 1 F2 1 

’ = (nkC2:13/cp) ’ “’ * = (nkQ:13/cp) ’ p’ 

(26) 
the expressions for Problem 1 become 

Vp1 = in\(O) + ; n\(O) = 9,r&,(O) 

r2 

6. NUMERICAL SOLUTIONS OF THE EQUATIONS 

The nonlinear coupled ordinary differential 
equations (7) and (8) were solved numerically for 
the boundary conditions given by equation (10) 
by using the technique described in Chapple and 
Stokes [l]. The linear ordinary differential 
equations (16) and (17) were then solved by 
several different methods to ensure accuracy of 
the solutions. For details of the numerical 
procedures used, computation time required, 
effect of the step size and convergence properties, 
reference is made to Arora [4]. 

7. RESULTS AND CONCLUSIONS 

The non-dimensional frictional torques - G’(0) 
and - G’(l), acting on the lower and upper disks 
respectively, are given in Fig. 1. Because of 

6 

5 

4 

- G’to) 

3 

+ m;2(0) + k F&(O), 
- G'(l) 

$1 = - 
[ 

m;(l) + ; n\(l) 1 
(27) ’ 

1 =- &yn;,u) + i&(l) + ; n;(l) . 1 
and those for Problem 2 reduce to 

(P3 = 0, 

J/3 = - m;(l) + ; n\(l) 1 . (28) FIG. 1. Variation of the non-dimensional torques -G’(O) 
and -G’(l) with R for values of D between 0.75 and - 1. 
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symmetry, G’(0) = G’(1) for the special case 
when D = C&/R1 = - 1. For a Reynolds number 
of zero, the tangential velocity distribution is 

given by G(c) = 1 - (1 - D)[, so that -G’(i) = 
1 - D. Thus at R = 0. the frictional torque is 
the same at both the disks. It can be seen that 
for R = 0, the frictional torque is a maximum 
for D = - 1 and a minimum for D = 1. This 
trend continues up to about R = 20 at both the 
disks. 

At a fixed value of D, the frictional torque at 
the lower disk increases with increasing Reynolds 
numbers. On the other hand at the upper disk, 
it increases continuously for D = 0.75, 0.5, 0.25 
and - 1, shows a minimum for D = 0, -0.5 and 
- 0.75 and continuously decreases for D = - 0.25 
as the Reynolds number increases. 

The non-dimensional tangential, axial and 
radial velocity profiles G, H and H’ are shown 
respectively in Figs. 2-4 for four values of D, 
namely 0.5, 0, -05 and - 1, for both R = 50 
and R = 75. For the case R = 125 the velocity 
profiles have been shown for D = 0 only. 

When both the disks rotate with the same 
angular velocity, that is, when D = 1, the fluid 
moves as a rigid body having the same angular 
velocity as that of the disks, the radial and axial 
velocities being identically zero. Thus the 
solution for this case is given by G(i) = 1, 
H(l) = H’(i) = 0. 

Tangential velocity (Fig. 2) 
For a Reynolds number of zero, the tangential 

velocity varies linearly from one disk to the 
other. At higher values of the Reynolds number 
(R = 75 and R = 125) there is a core which 
moves as a rigid body, so that the tangential 
velocity is uniform in the core. For D > 0, this 
phenomenon occurs at lower values of Reynolds 
numbers as compared to the cases in which 
D < 0. At still higher values of the Reynolds 
number, for D > 0, the tangential velocity 
exhibits an overshoot over the core velocity 
before settling down to its value at the upper 
disk. 

R=50 
-__-_-_-_-R-75 
--_-_-R-)25 

-‘.O to 
i 

FIG. 2. Variation of the non-dimensional tangential velocity 
G with [. 

Axial and radial velocities (Figs. 3 and 4) 
When the disks rotate in the same direction, 

so that D 2 0, the fluid is thrown radially 
outwards over the faster disk ([ = 0) while it 
moves radially inwards at the slower disk 
([ = 1). The axial flow is from the slower to the 
faster disk. 

On the other hand, when the disks rotate in 
opposite directions (D negative), the fluid is 
thrown radially outwards at both the disks and 
moves radially inwards in the core. The axial 
flow is from the core to both the disks. 

For a fixed value of D, the radial velocity 
increases with increasing values of R. At R = 75 
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0.05 

0.04 

a.03 

H 
OG? 

PM 

0 

-041 

-Oil2 

1 

0 

FIG. 3. Variation of the non-dimensional axial velocity H 
with (Y 

and D = 05, the radial velocity profile exhibits 
a point of inflection in the vicinity of 5 = 0.5. 
For lower values of D, this phenomenon occurs 
at comparatively higher values of R. For example, 
at D = 0, the onset of this trend becomes 
apparent at R = 125 only. 

At a fixed value of R, the radial outflow and 
the axial flow towards the faster disk increase 
as D decreases from 1 to 0, both having a 
maximum at D = 0. As D goes from -05 to 
- 1, these velocity components increase at 
R = 75 and decrease at R = 50. The radial 
outflow at the slower disk (c = l), as well as 
the axial flow towards it, increase for all values 
of R as D goes from - 0.5 to - 1. As D decreases 
from 1 to 0, the trend is the same as that at the 
faster disk. 

The major shortcoming of this technique is 
the fact that it has not been possible to obtain 

solutions for Reynolds numbers greater than 
about 135. For high Reynolds numbers one 
would have to use the methods described by 
Lance and Rogers [2] and by Mellor, Chapple 
and Stokes [3]. The limitation of their techniques 
is that it is not possible to obtain the solutions 
at prescribed Reynolds numbers without the 
use of a prohibitive amount of numerical work. 

The results for the heat transfer are best 
described separately for the two problems. 

Problem 1: There are two special cases for which 
closed form solutions exist, namely the 
limiting case D = 1 and the limiting case 
R = 0. 

When D = 1, the solutions to the equations 
are given by rnll = (1 - [), m12 = 0 and n, = 0. 
Thus the solution is 9, = &,(l - c). This is to 
be expected as for D = 1 the fluid has rigid body 

-____--___ R.75 

___-- R-125 

04 

H’ 0 

-01 

FIG. 4. Variation of the non-dimensional radial velocity H 
with [. 
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motion, so that there is no dissipation and the 
heat transfer is only due to conduction through 
the tluid. 

For the limiting case R + 0, the solution is 
given by 

rn 11=1-C 

m 12 = 4 (1 - Q2[[ - 253 + (41 (2% 

n, = i(l - D)2[[ - [‘I . 

Here again, the heat is transferred purely by 
conduction. However, because of dissipation, 
the temperature profile is no longer linear and 
is given by 

9, = 9,(1 - <) + %(l - D)2 

x [r - 2r3 + c4 + 312(1 - C2)1 . 

The effect of dissipation can be seen in the 
special case with IfI = T, (or &, = 0), in which 
in the absence of dissipation there cannot be 
any temperature variation. Thus the terms ml2 
and n, are both strongly dependent on dissipa- 
tion. Some representative protiles for ml,, ml2 
and n, are shown in Figs. 5-7 respectively. 

ml 

FIG. 5. Variation of the non-dimensional temperature 

r - 1 1 , I I I I 

-R-?iO 
___ _____. R.50 

-.-.-R-f25 a-= 0.3 

FIG. 6. Variation of the non-dimensional temperature 
component WQ* with [ 

I I I , I I I I 

R=3Q 
------_Rs50 cl-o-7 
---_~=125 

FIG. 7. Variation of the non-dimensional temperature 
. . ” 

component in, 1 with [. component nl with 5. 
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The components m,, and n, being the 
contributions due to the dissipation of energy, 
are always positive. Further, the dissipation of 
energy being a maximum near the disks, gives 
a boundary-layer character to the profiles of 
m12 and n, (see Figs. 6 and 7). 

The effect of the Prandtl number on the 
temperature distribution is shown in Fig. 8 for 
R = 10and D = 0. 

i- 

t 

---.---VLCC 
I ’ ’ ’ ’ 

_______mtn 
--4 n&o 

Rc;. 8. Effect of the Prandtl number on the temperature 
components m,,, m12 and n,. 

With reference to the results of Section 5, 
especially equations (26) and (27) the heat 
transfer at the disks can be determined from the 
information given in Figs. 9-11. 

Substituting from equation (29) in equation 
(27) it follows that the non-dimensional heat 
fluxes ‘pr and +r for R = 0 are given by 

‘pl = - go + ; (1 - 0)' + $ (1 - D)2<2 

and 

tjr = &, + f(1 - 0)' + $(l - D)2<2. 

0 sb 
R 

FIG. 9. Variations of the non-dimensional heat flux com- 
ponents m', ,(O), m', &O) and n;(O) with R. 

1.5 3” 

0.5 

0 

FIG. 10. 

i0 5b _ Id0 

K 
Variations of the non-dimensional heat !luy. com- 

ponents -m’I,(l) and -m’,,(l) with R. 
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v-07 

J 

FIG. 11. Variation of the non-dimensional heat tlux com- 
ponent - n;( 1) with R. 

If 9, is assumed to be positive, that is if 
TI > T,, then $r is always positive whilst ‘pl 

can change its sign. Just the opposite happens if 
9, < 0. In fact for 9, > 0, at E = 1, ‘pr becomes 
zero when 9, = l/E = 541 - D)2/12. When 
9, < 50(1 - D)2/12 or E > 12/5a( 1 - D)2. the 
heat is transferred from the fluid to the lower 
(hotter) disk. Table 1 shows the values of E for 
which cpl becomes zero at < = 1, for two values 
ot’R. 

Thus for a fixed value of R, the Eckert number 
for which ‘pr = 0 at 5 = 1, increases as D 
increases from - 1 to 1. With increasing values 
of R and of the Prandtl number 0, the heat flux 
‘pl increases but the Eckert number at which 
‘pr = 0 decreases. 

Assuming that TI > T,, heat is always trans- 
ferred from the fluid to the upper disk. With 
increasing values of R, the heat transfer will 
increase for D < 0 and decrease for D > 0. 

For large diameter disks (t2 much larger than 
9,,), the heat transfer at the disks will depend 
mainly on n;(O) and n;(l) (see equation (27)). 

The behaviour of the m and n components of 
the temperature has been summarized in Table 
2. 

Table 1. tilalues of E for which ‘pl becoines zero at ( = 1 
-____ ~____ _____ 

\D 
R\ -I -0.75 -0.5 -0.25 0 0.25 0.5 0.75 

0 0.86 1.12 1.52 2.19 344 6.1 13.7 55 
50 0.37 0.60 0.93 1.37 2.24 3.87 7.4 24.8 

_____ _____ ~____. ~~_.____ .___~_.. 

Table 2. Qualitative behaviour of the m and n temperature components 
_____ 

Increasing R with D 
constant 

___-..__ 

Temperature D 
Positive 

D 
D decreases horn D decreases from 

1 to 0, oto-1, 
Increasing Prandtl 

Negative R constant R constant 
number, D = 0 

decreases 
increases 
increases 
decreases 
decreases 
and 
overshoots 

.~. 

decreases 
increases 
increases 
increases 
increases 

decreases increases 
increases increases 
increases increases 
increases increases 
increases increases 

______ 

decreases 
increases 
increases 
increases 
increases 
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Problem 2 : Here again, when D = 1, the solution 

totheequationsaregivenbym,([)=n,(c)=O, 
which is to be expected as the fluid is moving 
as a rigid body. 

For the limiting case R --t 0, the solution is 
given by 

FTl&) = ; (1 - o)2[5 - 6c2 + c4] 

(30) 

n&) = ; (1 - D)2[ 1 - 121 

Here again, the heat transfer is by conduction 
only, the temperature profile being nonlinear 
because of dissipation. 

In this problem, in the absence of dissipation, 
the temperature profile would be In, = n3 E 0. 
Thus all the temperature profiles show the 

FIG. 14. Effect of the Prandtl number on the temperature 
components m3 and n3. 

effects of dissipation. The variation of m3 and 
n3 are shown in Figs. 12 and 13 respectively, and 

” pi-j--- 

o-= 0.7 

________ m,(o) 

.- n3(o) 

0.5 - 
0 

--__ 
---a_ 

___--- _____-_ 
0.75 

o-9, I I, II II, 1 

50 
R 

100 

FIG. 15. Variations of the disk temperature components 
m,(O) and n,(O) with R. 

the effects of the Prandtl number on their shapes 
are shown in Fig. 14 for R = 10 and D = 0. 

The temperature of the insulated disk is given 
by J&(5,0) = mJ0) + 12n3(0). The variations of 
m,(O) and n3(0) with R, for and D varying from 
075 to -075, are shown in Fig. 15. The values 
of these quantities for R = 0 can be obtained 
from equation (30) and are given by m3(0) = 
50(1 - D)2/6 and n,(O) = o(1 - D)2/2. 

With reference to equation (28), the heat 
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2 

- 7rlgi, 

-n;w 

Flc;. 16. Variations of the non-dimensional heat flux com- 
ponents - ,n;( 1) and - n;( 1) with R. 

transfer at the upper disk can be determined in 
terms of I&( 1) and n;(l). Their variations with 
R for CT = O-7 are shown in Fig. 16. As the 
Reynolds number is increased, m,(O) and m;(l) 
decrease for 0 < D < 1, show a minimum and 
then increase rapidly for - 1 < D < 0. On the 
other hand n,(O) and n;(l) increase with the 
Reynolds number for all values of D. 

Extensive numerical data on the flow tields 
and on the temperature profiles, together with 
their graphical variation, are available in 
Arora [4]. 
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TRANSFERT THERMIQUE ENTRE DEUX DISQUES TOURNANTS 

R&m&On a obtenu les solutions numiriques exactes pour un tcoulement permanent axisymttrique 
d’un tluide newtonien isovolume entre deux disques tournants parallitles et infinis, avec des rapports de 
vitesse des deux disques variant entre -1 et + 1 par pas de 0,25 et pour des nombres de Reynolds compris 
entre 0 et 125. Quelques reprCsentations graphiques adimensionnelles des vitesses radiale. tangentielle et 
axiale ont CtC donntes. 

Ces profils de vitesse ont 6tC utilis&s pour l’inttgration de I’kquation de l’irnergie dans deux ensembles de 
conditions aux limites: les deux disques sont maintenus g tempbrature constante et un disque est adiabatique 
tandis que l’autre est g temptrature constante. Les solutions ont ttt obtenues pour des valeurs du nombre 
de Prandtl comprises entre 0,7 et 7,5. Les termes de dissipation n’ont pas Ctt n6glig6s mais les propriit&s 
du Fluide ont Btt suppostes constantes. 

Des solutions numkriques exactes ont &tt ainsi obtenues pour le probltme de transfert thermique 
entre deux disques. 

DER WARMEUBERGANG ZWISCHEN ZWEI ROTIERENDEN SCHEIBEN 

Zusammenfassung-Exakte numerische Liisungen der Navier-Stokes-Gleichungen wurden erhalten fiir 
die stationlre, achsensymmetrische Striimungcciner inkompressiblen Newtonschen Fhissigkeit zwischen 
zwei unendlichen. rotierenden Platten bei Geschwindigkeitsverhlltnissen der beiden Scheiben, die 
zwischen -1 und +l in Schritten von 0.25 variieren und fiir Revnolds-Zahlen /wischen 0 und 12. 
Einige typische, dimensionslose Geschwindigkeitsprofile fiir die Radial-, Tangential- und Axialgeschwin- 
digkeit sind graphisch dargestellt. 

Diese Geschwindigkeitsprofle wurden dann zur Integration der Energiegleichung fiir zwei Arten von 
Randbedingungen verwendet: Einmal werden beide Scheiben auf einer konstanten Temperatur gehalten, 
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7um anderen ist eine ‘kheibe isoliert und nur die 7weite wird auf konstanter Temperatur gehalten. Fiir 
einen Bereich der Prandtl-Zahl von 0,7 bis 7,5 wurden Liisungen berechnet. Der Reibungsterm ist nicht 
vernachllssigt, aber die Stoffwerte der Fltissigkeit werden als konstant vorausgesetzt. 

Damit wurden exakte, numerische Liisungen Kir das Zwei-Scheiben-Wfirmeiibertragungsproblem 

AHHOTaqHX-nOXyYeH0 TOIlHOe YlXJIeHHOe pe&LIeHMe ypaBHeHHii Hanbe-CTOKCa $TIB CTal(klO- 

HapHOrO OCeCI4MMeTpMYHOrO TeYeHMR HeCXHMMaeMOli IIbIOTOIIOBCl~Oil ZKIlfiKOCTM MeHEQ 

PyMB napaJIXeJIbHbIMH ~ecKOHe~HbIMPl BpaIqamLqnMiicfl ;(LIcKaMu 11pn OTHOILIeHllHx 
cKopocTeR OT - 1 ~0 +1 c uiaroM O,%?J n cimxax Pefino.?bnca OT 0 20 125. HeHoTopbIe 
TYlnilqHbIe 6e3pa3MepHbIe paaHa.zbHbIe, TaHreHqHaabHhIe Pi aIECMajIbHbIe CliOpOCTli IIpezCTa- 
BJIeHbI rpa@yecKn. 

3TH IIpO@nPI CHOpOCTM HCnO.YIb3OBa~HCb npll MHTerpHpOBaHRM YpaBHeHLlR 3HeprMH fi,nH 
anyx cHcTeM rpaHnsHbIx ycno~~l: 06a AMcKa Haxo~sITcB np~ IIOCT~RHBO~ TemnepaType ; 
O~HH ;IM~H MaonnpoBaH, a TeMnepaTypa ;1pyroro nocTonBHa. nonyseBbI perueBHn qnH 9mze:I 
rIpaHaTnn OT 0,7 +qo 7,5. %eHaMH, xapaKTepn3ylou[clMH ~Hcc~naI~~Io, He npeHe6perann, Ho 
npI4 3TOM CBOi%CTBa H(H~KOCTI;I CYllTaJIPICb nOCTORHHblM~. 

Tam 06pa30.M nonysenhr gMcneHHbIe pellrewlln 3anasM 0 Tennoo6MeHe anyx RncKoB. 


